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We denote by «a,, ,, and 8, .. n2=2m+2, m 20, the magnitudes

P(J’) r

T omax nn—1})...(n—s+1)

P(x) O0<s<m

p
extended over all the monic polynomials of degree n, where |-, =(fL, |7 dx)"?,
for p=1, 2, respectively. For p=1 we give an asymptotically exact estimate of the
values of 2, ,, for m=o0(,/n) and we point out the polynomials which attain this
estimate; for p =2 we obtain

o < 2 = 2n+3m+ Zzneolm‘*nin

—2n 4 2m + 2,
DA Im A 2

with 1/2<a,_,, <x,<3/2. © 1993 Academic Press, Inc.

1. INTRODUCTION

A. O. Guelfond considered in [1] the numbers g, ,,, n2m+2, m>=0,

i m m |P©(x)] (1)
ag = min ax ax .
B by, 0ssem - igx<t n{n—1)..-(n—s54+1)

where A, denotes the class of monic polynomials of degree n and real
coefficients.

As Guelfond pointed out, the problem of finding the monic polynomials
of degree n for which the minimum (1) is attained in the same way as the
calculation of the value of o, ,, is a natural generalization of the well-
known problem first considered and solved by Chebyshev on the monic
polynomials of least supremum norm.

We shall consider the same problem for other methods of approxi-
mation, least first power approximation and least-squares approximation.
The results are proved by using techniques of A. O. Guelfond adapted to
the situation at hand.
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2. LeasT FIRST POWERS

We consider the numbers «, ., n2m+2, m=0,

. P(A‘J
A, »= min  max L ¥ ) (2)
; PVef, 0<s<m iln—1)---(n~s5+1)

where u-n,=f1] -] dx.

We are interested in finding the monic polynomials P(x) of degree n that
get this minimum and the value of it. If m =0 it is known that «, ,=2'""
and P(x)=U,(x) is the Chebyshev polynomial of the second kind
normalized so that its leading coefficient is 1.

We set the polynomials

sin{(n+1)0

= =
nd (x=cos8),n=0

Un.O(x)=2Rn

3
nn—1) 3)

(n—k+1)n—k)

I<k<sn-2%k

Un.k(x)=Un,k7](x)—4 Un-z,k—l(x),

We note that U, o(x) is the polynomial U,(x) and U, (x)e H,,.

LEMMA 1. The inequality

NU, klli 27775 (i), I <k<n-—2k,
where
1 n(n—1)
ﬂk(n)—z (#k—](”)+ —k+ D(n—k) M (n 2)>a
holds true.

Proof. Since U, ¢ll;=2"""", for k=1, this statement follows from
(3). For k =k can be easily proved by induction for k.

LEMMA 2. The estimate
Hi(n) < O, 1<k<n—2k, (4)

holds true.
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Proof. Since

kol (n—=2v)(n—2v-1)
X
umlm) <275 ] <I+(n_k—v+1)(n—k—v))

v=0

—k n(n_l) k
<2 (]+(n—k+l)(n—k)>’
(4) follows.

LemMMA 3. The identity

!

Uff'k(-’()=m

Un—ska—s(‘r)’ Oss‘gk’ (5)

holds true.

Proof. Since

1 (sin(n+1)8 sin(n—1)8Y
' ; =27n+l_ _ -
Un i) 2 { sin 0 sin )
=27"*!{cos(n arc cos x))’
=nU, | o(x),

we have U, (x)=nU,_,, (x), as we may readily establish by mathe-
matical induction for k, whence there ensues (5).

Remark. We have

sz\n+k+le()(kﬂ“n)’ l<k<n—2k, (6)

max

0<s<k

U,
nn—1)---(n—s+ l)”l

in view of Lemmas 3, 1, and 2, and u, _ [(n—s) < pi(n).
THEOREM 1. If a, ., n=2m+2, m20, are the quantities (2), then the
inequalities
2-An+m+l<a <2 n+n1+)e()(n1l,e‘n) (7)
nom S

hold true.

Proof. If we consider a polynomial P,(x) such that P(x)/
(n---(n—m+1)) is the Chebyshev polynomial of the second kind of
degree n—m and leading coefficient 1, the first inequality holds for all
nzm+2, mz0.
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With respect to the second inequality of (7), if m=0, it is trivial; if
I<m<n—2m, by (6); and if n — 2m <m < n -2, it suffices to consider the
polynomial P,(x)= x".

Thus we come to

COROLLARY 1. The polynomials U, ,.(x) for m:o(\/;) give us
asymptotically the solution for the above problem (2).

On the other hand, let V, _,(x) be a polynomial belonging to H,  (set
of all polynomials whose degree not exceed the number £ — 1 with real
coefficients) which minimize the expression

HPn k= min “ Un. kT P“ 1

Plxle H;

We set Rn.k(x) = Un.k(x) - Vk— I(x)'

THEOREM 2. Among all the polynomials of degree n with the principal
coefficient one, R, (x) is the unique polynomial which satisfies the inequality

. (n—k)' Mok )
Ptl:l)lenﬁ max (“P”1, Wm—ﬁ HP(A)”l

<y ks 1<k<n-—2k (8)
Proof. 1f the polynomial P(x) satisfies (8), it satisfies

1P

-n+k+1
n(n-l)---(n—k+1)<2 ) ®

From (9) it follows that U, _, o(x)=P*(x)/(n(n—1)---(n—k+1)), and
with the aid of (5) we derive from it P**)(x)= U!}(x) and hence P(x)=
R, «(x)+ Q(x), degree of Q(x)<k — 1. On the other hand, we know that
Vi _1(x) is unique, and therefore Q(x)=0.

3. LEAST SQUARES

We consider the numbers §, ., n2m+2, m>0

P(s) 12 (10)
nn—1)---(n—s+1)

’
2

B, .= min_  max
Pix)eH, 0<s<m

where [[-[,=(f', [-]7 dx)"".

640,74;1-3
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Again we are interested in the value of §, ,, and in the polynomials that
reach such a value. For the case m =0 it is known that

s _ n! dn(xl_l)n
Py =X =5 e

is the Legendre polynomial of degree n with leading coefficient 1 and

2n+1 4
ﬂ _2 (n,) A -2n4 22,
no—

2+ 1 ((2n))? ’

where for integral n, 1/2<u,<3/2 and is defined by the last equality

[3, p.72]
We set the polynomials

n!
X, o(x) “n-h P,(x)
! 1 d"(x*= 1)
T@n—1)" Q2n) !t dx"

n(n—1) (11)
Xn.k(x)zXn,k ——1(-\')_(2n_2k+ 1)(2n—2k— l)

XXy {X), | <k<n-—2k

n=0

We observe that X, (x) is the polynomial ¥,(x) and X, ,(x)e .

LEMMA 4. The inequality

X, &ll3 <2725 20, (), 1<k<n—2k,
where
n*(n—1)>2
Tk(n)—‘t'k,, |(I1)+ (n—k+ 1/2)2 (l’l—k— 1/2)2 Tk—l(n_z)’
holds true.

Proof. We know that the Legendre polynomials X, 4(x), n=0, 1, ... are
orthogonal with respect to the weight function p(x)=1 on [ -1, 1], and
since a, <x,,, we can obtain from (11)

200 1)2
||X,,.1u§<z~2n+zan<,+( n*(n—1) )

n—1/2)* (n—=3/2)
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Let it be correct for a value k — 1, but no longer so for k. Note that

nin—1)3
n—2k+ 1) (2n—2%k—1)

HXn.kH%SZ{HX,,.hIH§+ 51X 2k dli},

where we have used the inequality (a + 5)* < 2(a® + b?).

Hence
X, k327 ¥ ks 22, (n),
where
Bl =t m 4 e ;1/~2(;,2_(’111~k i e n=2)
LEMMA 5. The estimate
1,(n) < 2keOW M), 1<k <n-2k, (12)

holds true.
Proof. Since

k-1 (n=20)*(n—20—1)°
() < [] <l'+'(,,_1<-11-}-1/2)2 (n_k—v—l/2)2>

v=0

<<1+ nl(”_.l)l )k
= (n—k+1/22 (n—k—1/2)*)"°
(12) follows.

LEMMA 6. The identity

n!

(s — . :
Xn.)k(x)‘ (n_s)! Xn— s, k- _v("” OSS‘SA, (13)
holds true.
Proof.  Since
, n! , , o An=1)! ,
X, 1(x)=(—m (Px)—=P, (x))=n o1 P, (x)
=an— l.O(x)»

we have X, (x)=nX, | ,._(x), as we may readily establish by
mathematical induction for & whence there ensues (13}.
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Remark. Now by Lemmas 6, 4, and 5 we can obtain the inequality

X(.x')k 2
oss<k |n(n—1)---(n—s5+1)|,
<2r~2n+3k+21,.eO(k2‘ﬂn)’ 1<k<n-2k. (14)

THEOREM 3. If f, .., n=2m+2, m=0, are the numbers (10), then the
inequalities

2r2n+2m+2xn,m<ﬁn‘m <2—2n+3m+21,,6,0(mﬁ"n) (15)
hold true.

Proof. For every value of # and m if we consider a polynomial P(x)
such that P"(x)/(n(n—1)---(n—m+1)) is the Legendre polynomial
X, _.o(x) then the first inequality follows. The proof of the second
inequality is similar to the second one of Theorem 1.

As before let W, _,(x) be the unique polynomial belonging to H,_,
which minimize the expression

; 2
Tn.k: min ”Xn.k_P”z'
Plx)e Hy

We set S, i (x) =X, ((x)— W, _(x).

THEOREM 4. Among all the polynomials of degree n with the principal
coefficient one, S, ,(x) is the unique polynomial which satisfies the inequality

Plx)e A, n'2 204+ 2m+ 2%y - gy

. 2 —k)! n
min_ max(lPHg, (0l P‘k’“%)
<Trl,k» lékSn-Zk

Proof. The proof runs exactly as in Theorem 2.

Note added in proof. If we consider the magnitudes

Pl\'i
nn—1)---(n—s+1)

B.m= min  max
Piv)e 17,, Ogssm

2
instead of (10) a similar procedure leads to the following:

DA mAan Bn.m <2 —n*m+z,,eO(m:,’n).
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